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Page 30. line 3. for coincides, read becomes equal; 1. 4. 
for with, read to, and for and conſequently, read 
which coincides. WS > | 
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Page 51. 1. 14. for coincides, read becomes equal; 1. 15. 
for with, read to, and for and conſequently, read 
, which coincides. | 
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V tlie PARA BOL A. 


DEP. 1. J F a point S* be aſſumed in * Fig. 1. 
4 the line LZ, and ELD be 

Z drawn perpendicular to it; then if a line 

= _ MV moves parallel to LZ interſecting 

1 another line SR revolving about 5, ſo 

Fe that MP may be always equal to SP, 

8 the curve paſſing through all the inter- 
ſeections P is called a parabola. 


4 Cor. Hence the curve cuts L in a 
A point A which biſects LS, and A is called 
the vertex. 


4. The point & 1s called the focus. 
__ line P parallel to AZ is 
Fa. called a Sen, and A is called the 
1 axis. 
4. The line ED is called the Mrectrix. 5 
A Ss: I 


| | , 

| 

| . 
| J If PN be drawn perpendicular to 
i 5 AZ, AN 1s called an abſciſſa, and FN 
1 an runder to the axis. 


gent at P, PVis called an abſciſſa, and 
It; Man ordinate to the diameter PV. 


If BSC be drawn through & per- 
pendicular to AZ, it is called the para- 
meter or latus rellun to the axis. 


ö 6. If be drawn parallel to a tan- 


PROP. I. 
The diſtance 8 P = AN + AS. 
For SP being = PM and MPNL a 
parallelogram by conſtruction, . SP = 


MP =NL =NA + AL =(as AL = 
AS by cor. to def. 1.) AN + AS. 


The diſtance AS = of the latus rectum. 
For when P comes to B, N coincides 


with $S, and then by pr. 1. SB = SA+ 
SAz=28A, ...SA=iSB =: BC. 


Nor. 


1 
KP. nt. 

The ſquare of any ordinate PN = BC x AN, 
For by pr. 1. SP=NA + AS = (by 


pr. 2.) NA+3BC; and NS = NA — 
$A = NA —: 50, hence (by Euc. 47- 2 


NP? PS. — 8N* NAT BC. — 
NA = EBC =BCx AN. | 


Cor. 1. Hence as 484 = BC NP? 
=45SAxAN. | 


Cor.2. Hence alſo, BC being conſtant, 
AN varies as N32. 


0. IV. 


A tangent PT * to the * P biſects the * Fig. a. 
angle MPS. 


Aſſume Pp an indefinitely fragt! part 
of the curve, which may therefore be 
conſidered as coincident with the tan- 
gent; join Sp, and draw pm parallel to 
PM, and from P draw Pa, Pb, perpen- 

dicular to mp, Sp reſpectively; then as 

MP = SP and mp = p, their differ- 


ences ap, 5p are equal, hence in the right 
A 2 — _ 


1 We wo 4+ joy — — — me 
— — ” — 
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tit 


| . As, Pap, LN we have ap =bp, 
and Pp common, .. 4 Ppa = 4 Ppb, 


and conſequently, as mp is parallel to 


M, and Sp infinitely near to SP, the 


PTS PZ. 


Cor. 1. A tangent at the point 4 16 


perpendicular to the axis. 


Cor. 2. The lines MP, 78 being g pa- 


rallel, the MPT 2 728 . Tg 5 


SSP, and hence SP = ST. 


Cor. 3. As Vis parallel to PT, PX 
. = 2 PXY* and 2 PY'X = 4 MPT, 
but as Z MPT = CT PX. . PVYX= 
PV, and conſequently PX= PF, 


PROP. V. 
The n TN i5s =2N A. 


For by cor. 2. pr. 4. TS = SP = 
(by pr. 1.) AN + AS, take away AS 
from. both, and TA = AN, . * TN= 
2 NA. | 

. 


Cor. If 2 PG be perpendicular to PT, 
then wy ſim. As TNP, NPG, TN: PN 


. PV 


5 1 : / 


C33 
PN: v. =P = (a by cor. I. pr. 3 3+ 


F Li 
PN'= AN x 48.4) © N 254 


BCS the latus rectum. 


LEM. 1. 


F va# be areduced to meet TZ in O, rig ON 


aud VG be drawn perpendicular to AZ, 
then will OG = 2AN. 


. 4 For the As TPN, OV being fimilar,. 
and NPS OV, 0,06=TN=24N. 


PROP. Vi 
The ſquare of VO APS X PV. 
Through L draw EQD perpendicular 


to A meeting W (produced if neceſ- 
ſary 


f : 
a " 
7 . 
PP ³˙·—ꝛ . —— — 8 — bs — — 
= - \ * * - . 


ſary) in D. Then oE= 0G — GE = 

(by lem. 1.) 2AN — GE, alſo AE = 
AN + NG — GE; and by fimilar as 
NP, 0 E T N* (44 N*) : "NP" 


| (448 x AN) :: OE* AN E) 


ES. N SET" = , but by 


cor. 1. pr. 3. ES = 448 * AB = 


445 x AN + NG — GE; which being 
made equal to the other value of E ”” 


and the common quantities taken from 
both ſides of the equation, -we have 


4ANX NG = GE:; alſo by ſimilar 


As OG, De OO (= 4AN* by 


lem. 1.): G (= NP* = AAS X AN) 

D' (=S GE'=4 AN x NG): DS 
=4A8X NG, hence 2 = V D* + 
DE =44NxX NG +445xX NG = 


4AN+4A8XNG=4SP P. 


If 9 falls on the other {ide of P, then OE 
nr GE, and * 
in. 


1 ; 
in which caſe the ſame concluſion re- 
ſults as above. „ ar 


Cor. If * be drawn parallel to P „ 
4SP x A FF. F 


Def. 8. 48 Püis called the larus rectum 
or parameter to the diameter P. 


P R 0 P. VII. | 


Fa perpendicular SY* be let on the tans * Fig. 4 
gent, then will SP ; SY:: SV: SA. 


For, as by cor. 2. pr. 4. SP = ST, the 
perpendicular SY muſt biſect TP, or TY 
=P, bat-by 6 63.4 = AN, 4 43 
1s parallel to PN, and conſequently per- 
pendicular to the axis. Since therefore 
S is perpendicular to TY, and YA per- 

pendicular to TA, the A S YA is ſimilar 
to STT f 08:57:37; $4 


Cor. 1. Hence SP: SA:: SP.: S N. 


5 . 
Cor. 2. Hence, as SP ==, and SA 


1 


is conſtant, SP varies as 8 =. 


Cor. 


Cor. 3. As PSx SA 5, 7 
484xP8= BC PS. 
E M. . : 


If PR® ze @ tangent to the ave PVQ_ 


: TY ” af P, and RQ be drawn parallel to the chord 
PV, then will PV = _ _— when the 


arc Q is diminiſhed ad inſinitum. 


PFeor the As PRS. 2 being ſimilar, 
| (the CPR being = Pon account 
of the parallel lines QR, P/, and the 
RP 2 £PF2% in the alternate ſeg- 


ment, ) .. : PP: = Se = | 


in the evaneſcent ſtate of the arc P2 
(as the chord and arc become ultimately 


2 
equal by lem. 5 Prin. Newt. ) = ka 2 . 


PROP. vn. 


. Fig g. 6. The chord of curvature P v* paſſ ng through 
the focus = 4PS. 


Let Su be the chord of curvature 
paſling * S, and draw the ordi- 
nate 


1 9 1 
nate 2X1 V and alſo 2R parallel to Pv. 


LV 
Now by pr. 6. 4PS= = - which is 
equal, it 2 moves up to P, in the ulti- 


P. 
mate ſtate of the arc QP, . 7+ But the 


arc Q coincides in its ultimate ſtate 
with the circle of curvature, and by lem. 


| wy. 2 
2. the chord Po of that circle = R 

= (as R = PX = PI by cor. 3. pr. 4.) 
. 

A 


=. ES. 


n IX. 


77 * be two parabolas Av, AZ, de- · Fig. 7. 
ſeribed on the ſame axis, to which NP Q zs 
drawn perpendicular, then if the lines PS, 
28, be drawn to any point S in the axis, 

the area AQS S will be to APS na 2 


ratio. 


1 For by cor. 2. pr. 3. 9N* varies as A N, 

alſo PN* varies > 12 FN hence 9 N* varies 
as PN*, and conſequently ON varies as 
PN. Draw 9 pnindefinitely near to N, 
and then will the areas N2 9n, NPpn be 


the increments 5 of the areas A9N, APN, 
B which 


* Fig. 28. 


OW 
which will be to each other as 9N to 
PN; hence the areas AAN, APN be- 


ginning together, and always increaſing 
in the given ratio of MN to PN, the areas 


themſelves will be in that ratio. But 


the ASQN is to A SPN as QN to PN, 


and hence AQN — SNN is to APN 


— SPN, that is, 4 is to APS as N 
to PN, or in a given ratio. If N be be- 
tween A and S, then A2S = AQN + 
SAV and APS = AL IE 8 


FROP. X. 


Let W P* be a diameter of the parabola 
APY, then if a tangent be drawn to any 
point 2 meeting the diameter produced in t, 


a tangent PK to the Poi nt P will biſect t — 


For draw the ordinate . and vq in 


definitely near to it, alſo 24 parallel to to 


Pv; then by pr. 6. 4 PS = V. and 
hence by the ſame pr. = x PG S vg, 
but Pv =PY L V= PY +24, and 
vg vd e N + dg, therefore 

V 9* | 
5 F = 47 , hence, by 
mul- 


8 1 ] | 
multiplying both fides of the equation 
by PV, and taking from them the com- 
mon quantities, neglecting P/ x d, as 
indefinitely leſs than any of the other 
quantities, and dividing both ſides by T 


V 4 
x dg, we ſhall have 2 PY = . 


but the As 94 Vt being ſimilar we 


V x 2d 
have 4%: d A:: : V. 1 77 


therefore 2 PY t or Pt, and 
hence, as PK 1s 8 25 to QM, iK N. 


ep. XI. 


Fa cone HXY* be cut by a plane F ZW . Fig, 8 
parallel to a plane touching the fide of the 
cone X H, the ſecti on FZ W will be à para- 
bola. : 


Let AECY be a ſection of the cone 
parallel to the baſe, whoſe diameter (the 
ſection being a circle) interſects the axis 
FR of the figure Fin B, and whoſe 

circumference cuts the curve FZ termi- 
nating the ſection in E, and join BE ; 
then by the property of the circle AB x 
BCD BE*. Draw GF parallel to ABC 
and ay AB = GFP a conſtant quantity; 
92 and 


S 


. A ” n 
8 5 EE DT ne A ENT 2 2 a c _ PE net Ig Ag 
5 K Py bY YA, + 
by bs 6 —_— $2 — * 
n "ot 22 7 n 


3 " Vw 
ee 4 - * 
r I EE ie 
4 - * e 9 T 
rr 


1 5 
and by ſimilar As HG F, FBC, HG: 
eber 5 
GF: FB: BC=— He therefore 
GFxFB 
—HG 


—=GPFxBC=ABxBC= 


2 


G F Toy 
| B E', or HG * FB BE,, but GF and 


HG being conſtant quantities, the ab- 
ſciſſa F varies as the ſquare of ordinate 
B E, and conſequently the curve is a 
parabola as appears by cor. 2. pr. 3. 


Hence the parabola is called a conic 


ſection. 


— — — — — — — — — — . —35;5—4 8 


Of the ELLIPSE. 


DEF. I. IF two right lines Sa*, Hb, re- * Fig. 9. 


volve about two fixed points 
S, H, and continually interſe& each other 
in a point P, ſo that SP + HP may be 
a conſtant quantity, the curve deſcribed 


by the point P is called an ellipſe. 


2. The points & and H are called ci. 


3. The right line AM paſſing through 
the foci and terminated by the curve at 
A and M, is called the axis major. 


4. If AM be biſected in 2 (which is 


called the center) and BC M be drawn 


perpendicular to the axis major and ter- 
minated by the curve, it is called the axis 


minor. 


5. A 


r rr 2 Rr 5 „ $3 © ws * 
—— * SPE G 2 r Fo hd I.” x 2 
FREY = ” = N = 1 
_— - 1 ky 41 — . N 
, 1 6 d \ Fw = —_— = - = _ 
3 (Roe - o - - _ * rl 


fi 
3 
Fl 1 


47 
2 right line LST paſſing through : 
the focus 8 perpendicular to the major 


axis and terminated by the curve, is call- 
ed the /atus rectum. 


ig · 10. 6. If PCG® be a right line paſſing 

through the center, it is called a diame- 

ter. And if BCF be drawn parallel to 

a tangent at P, it is called a . 
diameter. | 


7. f * be drawn parallel to a tan- 
4 at P, it is called an ordinate, and 


GP, P are called abſciſſas. 


PROP. I. 


* Fig. 9. The ſum of the 700 lines APY, HP, i equal 
to the major axis AM, or to 2AC. 


For conceiving the deſcribing the point 
P to come to A and M. we have in the 
former caſe the ſum of the lines drawn 
from & and H equal to HA + AS = 
SH 245, and in the latter equal to 
SH + 2H M; hence by def. 1. SH + 
2AS = SH 2 HM, conſequently SA 
= HM, and hence HP + PS (= HA 
+ 48) = HA + Mor 240. 


Cor. 


IS 88-1] 
Cor. 1. Hence SC = CH, 


Cor. 2. Hence alſo by tranſpoſition | 


HP AC SP. 


0 P. II. 
The right line SB = AC. 


For the As HCB, SCB, have Sc 


CH by cor. 1. p. 1. BC common, and 


LL SCB=L HCB, . SB = BH, but by 


pr. 1. SB + BH =2AC, . 288 = 2AC, 
and conſequently SB = = C. 


Cor. Hence AS x SM — BC. For 


BC? = B&* — SC AC: — SC? = 
AC + SC x AC — SC = MC+ SC x 
ACS SC= MS x $A. 


PROP. III. 


The latus rectum LT 1s a third Propor- 


tional to the axis major AM and the axis 
mi nor BN. 


By cor. 2. pr. 1. HL = 2AC — SL, 


hence HS? + SL (= LH*) = 44C2 


— 44CN SL¶＋r SIL, .. HST + 4AC x 
Lang pr. 2. 48B˙ hence 4AC 


x LS 


1 , — % 


a -_- 


Sn 


oy 4 
/ 
x 
4 * = 
.. 
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6 J 


* L = (becauſe 280 SH) 4832 — 
48C* S295) = 4BC?, co. 2AC: 2BG:: : 
2B C: 28 L, or AM:BN:: BN: LT. 


P R O P. IV. 


„Fig. 11. Two right lines SP, HP &, drawn from 
the foci to the curve, make equal angles with 
the curve. 


For draw $2 indefinitely near to SP 
and join H and draw Pa, 9 b perpen- 
dicular to S and HP reſpectively then 
will 22 be the increment of SP, and Ph 
the decrement of PH, which, as SP þ+ 
HP is conſtant, muſt be equal to each 
other; alſo the Cs PAN, P Lare each 
right angles, and the fide P is common 
to the two As PAN PNA. LPA 
4A = (as the 4. PSY is indefinitely 


nt) SPA. 


ee if E be produced to 
Z, a tangent at P will biſect the 4 Z PS. 
For let PF be a tangent at P, then 
as the C SPY or SPX 1s = 4 HPY9, and 
Ha 1s vertical to / ZPV, the £ SPV 


_ = ZP. 


Cor. 2, Hence the part PE* of the 


o Fig. 12. 
line 


1 
line PS 1 between any point ? 

and the conjugate diameter DC is equal 
to AC. For draw HT parallel to DCK 
and PF perpendicular to it, and conſe- 
quently perpendicular to HT interſecting 
it in X. Then as 4, SPF = HPV, 
the IPX 4 HPX, and PX is com- 
mon to the two right Cd As PX. 
PXH, hence PI = PH. But as SC = 

. CH and CE is parallel to H, SE = 


TE, or TE = _ but as PT = PH, PI 


=—_ — +21 hence 7E + PTor PE = | | 


PH 
SP - Ih = by pr. 1. to AC. 


PROP. V. 


If on the major axis AM* of an ele Fig 13. 
there be deſcribed a circle AQMR, and 
From each of tbe foci perpendi culars be 
.drawn to à tangent to the ellipſe at the 


point P, they will meet it in the per! phery 
of the circle. 


* 
* 
2 E * — Tat — * : * A 
7 - ” ir” o be IIA » þ — ” bands + mg Os - 
. . CAE SC io td eb ho i ER en a 5 


For let SY, HZ be drawn from the 
two "um perpendicular to the tangent, 
3 join 


— etna ah 1 , — 30 00-6 rr og * 2 
FE ey F 
2 . Wn — — 2 = 


woody + lth. conforms. on — 4 
r ISA Ge. 
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8 
Fi 


1 8 1 
join TC and produce HP to &, making 
P = Ps and join WY. Then by cor. 
=} - | 1, to pr. 4 EF PY=2 SPN, and as 
uw PSS = PY and Pr is common to the 
M As SPV, VPE, WY =YS and 4. PYS 
i = PTA, but 2. PYS is a right angle, 
io 2. PYT is alſo a right angle, and con- 
| i | ſequently SYF 1s a ſtraight line. Now 
SY being Z, and by cor. 1. pr. 1. 
SC= CH, CY 1s parallel to HV, 
hence S C: CT: : SH: HW, but SC = 


28H, .. CY= 2H = ber 
pr. 1 ) AM = AC; hence CY being = 

2 7 muſt always be found in the peri- 

4 phery of a circle whoſe center is C and 

Wl radius CA. In the ſame manner it may 

+ if be proved for the other perpendicular 
HZ, that Z is in the er 


PROP. VI. 
The reftangle under the perpend; culars SY 
Y and HZ, 15 equal to BC. 


For produce ZH to meet the circle in 
E and join CE, then by the laſt pr. Z 
being in the periphery of the circle and 


the HZ Ta right Z, the CY E muſt 
o | 0 


CUBE SD Ce EINER 4 Dae tes OOO ELIT vie ot To Se Ry „P OO) IE — > 5 oe — — — > 2 — - 
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1 1 


be in a ſemicircle, and conſequently Yr. CE 
muſt be a ſtraight line. Hence in the As 
YCS, ECH, YC = EG, SC= HCand 
LYCS = 4 ECE, . EHS S; but 
by the property of the circle Z H x H E 
= MH x FEAT ** to 1 BC, 


Cor. 1. Becauſe + WET ” hp SPY = = 
. H, the As SPZ, HPZ are ſimi- 
lar, . 0 SP: S:: HP: HZ — hy ee 


ST*x HP | 
hence _ -= SY x HZ BC, 


| | SP 
conſequently SY "Mp = BC" x 772 


Cor. 2. ms as B C is conſtant, SY 


varies as V5 , but HP = (by cor. 2. 
pr. J.) 240 — SP, r varies as 


— | F 
VK or + varies as 
lh AC— SP. 
3 SP 7 8 


3 


- _— 


4 


N . 1BC zx SP 
Cor. 3. Becauſe 4g 72 = * = © 2AC — - S 


and by pr. 3. 4B C = 2ACx L, there- 


fore 48 N 5 hence L x 


2ACx LSP 7 
SP: 48 T*: Lx SP: 41 
240— SP:24 C, conſequently, as 240 
— SP 1s leſs than 2 AC, LX SP 1s leſs 


than 48. 


Ir 


p R OP. VII. 


* Fig. 14: if P N * be perpendicular to AM, then will 
AN x NM : NP?:: AC? : BCz, 


Take AD = PS, then PS = AC — 
CD, and conſequently by pr. 1. PH = 
AC+CD; allo NS= CS—CN and 
HN=CH+CN=CS+CN; hence 
by Eucl. 47. 1. A0 ＋ C D = PN* + 
CS+CN, and AC— C CB = PN* + 


CS—CN,, ſubtract this latter equation 
former, and we have AC * CD = = C * 
CS C 
| CN, n CD = = — Ea. hence PS = = 


AC 


* 
„„ SC CN AC —-SCxCN. 
| 4d AC r . 
. by Eucl. 47.1. (as NS CS - CN,) 
ACt— 2AC* x SC x CN + SC? x CN* 
W C 
= PN*+ CS - 2CS x CN + C N?, 
multiply both ſides of the equation by 
AC., and we get by tranſpoſition, AC? 
x PN* AN- AC? x CN? — CS, 
AC* + SC* x CN* = AC* — CN* x 


AC (as Ac SB) AC — : 
| x S3 — CS (B C*) — AC WT: ON x | | 
AGC—CN x BO = MN *x AN x BY, | 


and conſequently MN x AN: PN*:: 
AC: BC. „„ 


=_ 
+ 
l 


Cor. 1. Hence if a circle A M. be « pig. 1g. 
deſcribed on AM as a diameter, and NP 7 
be produced to 2; NP ſhall be in a 
given ratio to N; for as AC*: BC*®:: 
MN x AN : PN", and AC and BC are 
conſtant, MN x AN varies as P N*; 
but by the property of the circle AN x 
MN is equal to QN?, .. 2 N* varies as 
P N*, and conſequently X varies as 
AFN 6 or" 


1 

1 

] 

| 

| 
- 
'_ 


Cor. 2. Hence QN : PN :: axis ma- 
jor : 


eee eh 9 * 
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jor : axis minor; for when PN coin- 
cides with BC, AN becomes equal to 
XC SAC, and conſequently PN: AN 
: BC RC or AC:: 25 Cor BG: 240 
or AM. 


Cor. 3. Draw y pn indefinitely near to 
2 N, and then NPyn, Nn will be 


the increments of the areas TÞN, AAN 


reſpectively, which, as the baſes Nu are 


the ſame, will be to each other as their 


altitudes NP, NO, or by the laſt cor. as 
BG: AM, hence the —_ APN, AAN 


beginning together and increaſing al- 


ways in the given ratio of BG: AM, the 
areas generated muſt, by compoſition, be 
in the ſame _.. b A. * GO BG 


Th 3 


; IN ſoin 9H, PH, then the As 
HNP, HV are to each other as NP 

N or as BG: AM, from which and 
the laſt cor. we have the area APH: 


ARNQH:: BG: AM. And the ſame muſt 
evidently be true if ¶ be aſſumed any 


where 1 in the axis major. 


Cor. 5. Hence, as the whole area (A) 
of the ellipſe is to the area (B) of the _ 
circle, as the axis minor (a) is to the 
axis 


231 
BTA 


axis major (5). . 4 j but B 


varies as 55, „. A varies as & x a; that is, 
the area of an ellipſe varies as the rectan- 

gle under the axis major and minor; 
but the area of a  circumſcribing the 
ellipſe about the axis major and minor, 
varies in the ſame ratio, hence the area 
of every ellipſe 1s in a given ratio of the 
area of the N about the major and mi- 
nor axis. 3 


Cor. 6. If L = the latus rectum, then 


by pr. 3. AM: BG :: BG: L, hence AM 
: L:: AM: BG“: : AC.: BC“ :: (by this 


pr.) MN x AN: PNs, conſequently L 
| AM x PN* 2AC* PEN 
— MNx AN © MNx AN 


Cor. 7. If the major axis of an ellipſe 
becomes infinite, the ellipſe at all finite 
diſtances from the extremities of the 
major axis becomes a parabola. For if 
AM becomes infinite and AN be aſſum- 
ed finite, NM will be conſtant, and con- 
ſequently by cor. 1. A N will vary as NP?, 
and therefore by cor. 2. pr. 3. of the pa- 
rabola, the curve is a parabola. 
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EX >. vm, 


If a circle be deſcribed on the major axis - 


- Fig. 16. AM * of an ellipſe, and NP be produced 


to meet it at Q» the tangents to the tircle 
and ellipſe at the points Q and P will inter- 


7 fed? the axis MA PONY in the Huw, 


point T. 


For draw QT a tangent to the circle 
at Land join TP, and if it be not a tan- 
gent to the ellipſe, let it cut it in ſome 
other point K, and draw the ordinate 
LK, which produce to meet the circle 
at IJ, and its tangent at O, then the As 
TN, T LX, and TNg, TLO are ſi- 


milar; hence 


TN:TL::NP: LK, 
and TV: TL:: NA: LO, 
:: NA: LO, 
i NP: N:: LK: LO, 
but NP: N: : LX: LT by cor. 1. 
LO = LI, which is abſurd; 
33 the line 7 does not cut the el 
lipſe, and * is a tangent to 
it. 


Cor. By Eucl. B. vi. p. 8. the A SNS. 
CRT are ſimilar, .. CM: CS(CCA) :: C 
V (C4) 


25 * 


(CA): : CT; or, as CA= CM, CN: CM 


* C7. 
LE M. m. 


7 a right line AB# be projetted upon 4. 


Plane X V. by lines drawn from every point 
of it perpendicular to the plane, the length 
of the line to be projected will be to the 
length of the line into which it is An. 
3: radius: cofine of inclination. 


For draw Aa, Bb perpendicular to 
XY, and join 46, then will 46 be the 


rojected line; draw AC parallel to XY, 
15 d we have AB: AC or 46 :; radius: 


coſine Z BAC. 


Cor. 1. Hence if the inclination be 
given, AB is to ab in a given ratio. 


Cor. 2. Hence the area of any plane | 


figure will be to the area of its projec- 
tion as radius: coſine of inclination. 


LE M. IV. 
Tf a Circle be projected in the fame man- 


her, the figure into which it is . will 
be an ellipſe. 


D For 


Fig. if. 
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rig 189 For let AZM* be a ſemicircle, and 
conceive it to be projected into AM. 
Draw N P, Ny perpendicular to the com- 
mon interſection A M of the two figures, 
then is the angle PNp the inclination, 
and conſequently PN: p N :: radius: co- 


-\_ - fine of inclination, hence PN varies as 


PN, but AN NM= NP", conſequent- 
15 ANX NM varies as p N., and there- 
ore by cor. 1..pr. 7. the curve ApzM 1 1s 

an ellipſe. a | 


PROP. IX. 
If an ordinate be drawn to any diameter 
of an ellipſe, then will the rectangle under 
the abſciſſas be to the ſquare of the e 


in à given ratio. 


Conceive the 1 APMG* be pro- 
jected into the ellipſe A Mg; let PG be 
any diameter, —1 an ordinate per- 
pendicular to it, and let pg and g be 
their projection. _ as PV, VG are 
proj jected into pv, vg, theſe quantities. 
will (by cor. 1. lem. 3. 5 be to the former 

in a given ratio, hence pv X vg varies as 

PY x V, but PY VO =, . pu x 

vg vanes as ; but as is Project. 
OD ed 


Fig. 19: 


t 27 


4 el into 25 V varies as qv, or 2 5 va- 
nes as u', conſequently po ug varies 
as 9 v'; and as is parallel to a tan- 
gent at V, and parallel lines are project- 
ed into parallel lines, therefore ꝙ v is pa- 
rallel to a tangent to the ellipſe at p, for 
à tangent to the circle muſt erden be 
projected into a tangent to the ellipſe. 


Cor. 1. Hence, as PC= CG, therefore 


* = Cg, confequently every diameter is 
fected 1 in the center, 


Cor. 2. Hanes if DCK be a pa- 
rallel to qv, PN vg : v.:: C: CD. 


Cor. 3. Hence the relation between 
the abſciſſas and ordinate being the ſame 
when referred to any diameter, as when 
referred to the major axis, the concluſion 
deduced in pr. 8. and its cor. relative to 
the interſection of the tangent and ma- 
jor axis, muſt be true for the interſec- 
tion of the tangent and any diameter, it 
being evident that the demonſtration 
does not at all depend on the ordinates 
NP, LK being perpendicular to AM. 
but only on their being in the ſame ratio 
to each other, as N 9 1 to LI, and there- 
fore the ſame concluſions muſt fallow if 

D 2 NF, 


p 44%} | 
NP, LK be oblique to AM, which is 
the caſe when AM be any other diameter 
than the major axis. 


PROP. X. 
All the parallelograms circumſcribing an 
ellipje are equal. 


For all the ſquares deſcribed ahout 
the ſame circle are equal, and if the. cir- 
cle be projected into an ellipſe, every 
ſquare will be projected into a circum» 
ſcribing parallelogram; for the oppoſite 
fides of the ſquare being ——— 
tangents to the circle, they will be pro- 
jected into parallel lines, which will be 
tangents to the ellipſe. Now as every 
ſquare is by cor. 2. lem. 3. diminiſhed by 
projection in the ratio of radius: coſine of 

inclination, or in a given ratio, and the 
areas of all the ſquares are equal, the areas 
of all the parallelograms muſt be equal. 


Cor. 1. From hence, and cor. 5. pr. 7. 

the area of the ellipſe varies as the area 

* Fig, 21, Of the circumſcribing c abcd*, and as 
the area aPCD of a fourth part of the 
C is equal to DC x PF, (PF being per- 
pendicular to DC) the whole co varies 


1 29 J 
as DCX PF; therefore the area of the 
ellipſe varies. as DC Xx PF. 


Cor. 2. Hence DC x PP% = ACX CB, ig 14 
a conſtant quantity. 


Cor. 3. Becauſe the As. SPL. HPZ, 
PE are ſimilar we have, 
SP:; SF:: IB: 
T 
„ SPH P: SYXHZ:: PE*: PF © 
but by pr. 6. STX HZ = BC, and by 
cor. 2. pr. 4. PE = AC"; therefore S 
| C. AC* 
Xx HP = = : 72 — = = (by the laſt cor.) 


DC. : 


PROP. XI 


To: A ne the diameter and abend off 
curvature paſſing through. the. center 9 


focus * an ellipſe. 


Let Pa VI be the circle of curvature * Fig. 20. 
to the point P, Av an ordinate- to the 
diameter PG, and N parallel to PG, 

then by pr. 2. cor. 9. P OR) GV:: 

SV’ CD/ x Gv 


f v + PC? . CD), . © R — PN — = 


% N * 7 
1 0 
A —_ py = has * — $4 77 py g ws, Sb... ny 25 wh, LES Bw Is — rr 5 
n — De 4 33 ' 27 — 8 ' 
0 — 0 = . @ 2 — * - * — ED — * * 
= = 


$a © oe. 


3 1 


EIS 


3 A wo 
* S. 9 — * Et 8 


. 30 J 
3 L moves to P, in the evaneſcent Rate 


| . CD. 2PC _ 2CD* | 
er ade are WP, por = FO 
| 


But as 90 coincides in its evaneſcent 

ſtate with the arc 2P, and conſequent- 

ly with the circle of curvature, therefore 
Nv * 


by lem. 2. 5 N ultimately becomes equal 


* 


1 to the chord of curvature PV, . PY = 
Il DoD. 

. : 0 '=the chord of 'curvature paſling 

1 through the center. Alſo if PL be 
1 perpendicular to PR or D K, it muſt 

| aſs through the center of the circle, 

| | 155 e by ſimilar As PCF, PVL, 
| 1 | 4 3 2 CD* 


= the ter of curvature. Laſtly, if 


11 PS interſects the circle in a, and La be 
vis joined, by ſimilar triangles PPE, PaLl, 
Wit PE (= AC by cor. 2. pr. 4.) : PF :: : PL 
| _ X>): —_ 

| | (= PF = = the choad of 
11 curvature paſſing Wa the focus. 


©. 1 a 2 ; 1 
nl 
7 8 4 
* 
$ 1 : 
— 


14 


PEA OP. II. 


Fa cone AB C&* be cut through its to » Fig. 22. 
des by a plane PMN EZ, the ſection there- 


of will 2 an elli "pſe. 


Biſet PE in K, ind let a ſection 
LMI be drawn through K parallel to 
the baſe, and alſo another ſection HMF 


rallel to LMI, then will theſe ſeftions 
circles, and by their property HG X 


G F N., and LK X KI = K M., 
Draw P 2, DE parallel to LT or HF, 


then by ſimilar triangles 
PK: K L:: PG: 
EEK: KI :: EG: GP 

„ PRXEK KLXKI::PGXGE: GHxXGF, 
that is, PX: KM:: PG X GE : GN, 
which is che property of the ellipſe by 


N 


Hence the ellipſe is called a conic 
TI 


—=— 
 =_—_ 


Of tle HYPERBOLA. 


* Fig. 23. DEF. 1. TF two right lines 92 HB, 
7, interſecting each other in P, Eo 
be made to revolve about H and 5, ſo 
that HP == SP may be a conſtant quan- 
tity, their common interſection P will 
deſcribe a curve called the byperbola. And 
% hyperbela generated by the two lines 

> revolving about S and H, if Sp 
22 Ar, is called an oppoſite 
hyperbola. | 


2, The points E. $, are called foci. 


| 
i 3. If A and M be the points where 
Mt the curves interſect the line HS, the 

| right line AM is called the major axis. 
I | 


4. If AM be biſected in C (which is 
Lil called the center) and BCN be drawn 
1 perpendicular to AM; then if from A 

4 | as 


LOSS % — . . * 2 = * 2 R - — * — * — — — — 2 = ; =_ \ 
RE NN NI TS RT Ns 8 - 2 2 = - p — - | 
* — — © 2 oo 
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49 a center with a radius SC, a cirele be 


deſcribed cutting BN in B and N, BN 1s 


called the axis minor. And when AM 
BN, the hyperbole 1s called equilateral. 


If in like manner two hyberketud. 


1H e, N, be deſcribed about the two 
4166 B N, AM, they are called conjugate 
hyperbolas. 


6. A right line LS drawn i wird 


lar to HS and terminated by the curve, 
rs called the latus rectum. 


3 PC G be a right 1 ply 


through the center, it is called a dia- | 


meter. 


8. If 2 be drawn parallel t to a tan- 
gent P, meeting CP produced in V, then 
is called an ordinate, and GY, PV, 
are called abſc:ſas. 


9. An aſymptote is a tangent to the 


curve at an infinite diſtance. 
* 


PROP. I. 


The di ference of the 6100 lines H P, SP, is 
"+ to the major axis AM, or to 2.AC. 


E _— 


I 


— — 
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1 5 
For conceiving the deſcribing points 
P. p; to come to A and M, and we have 
HA— AS (SHP PS= Sp -OH 
= SN MAH, take from the firſt a, laſt 
of theſe the common part MA, and we 
have HN — AS = SA — MH, „ 2M 
= 2S4, or MH = Sd, and hence HP 


— PS (= HA — AS = HA — HM) 


= MA or 2 AC. 


Cor. ; Hence SC = CH. 


Cor. 2. Hence alſo by tranſpoſition 
H aw =—=2AC 52 SP. 5 


p RO P. II. 


The retangle under SA and 8 M. is equal 


to BC. 


For BC. = BA. CA? = (by con- 


ſtruction) Sc: — AC. SC AC * 


$C—AC=SC+CM x S4= SM x 
. 


PROP. III. 


The latus rectum LT is a third propor- 
tional to the axis major A M and the axis 
minor BN. . 

5 By 


— 


1 

By cor. 2. pr. 1. HL = 240 LS, 
hence HS + SL? 5 HIL) = 4AC? + 
4AC x DS + £87, .. HS? — TAO ad 
44C x LS, but HS=2C0S= (by con- 
ſtruction) 2 AB, r 
4ACx LS, or 4 BC? = AC* [Ss 
2AG:2BC:: 2BC: 2LS, that 1 1s, AM: 
BN:: BN: IT. 


FX OP. Iv. 


Two ri 'ght lines HQ, 8 Q, drawn po Fig. 24. 


the foci to the curve make equal angles with 
he curve. 


For . SP nicely near to 82 
and join H, and draw Pa, Pb perpen- 
dicular to Sand H9, then will 42, 52 
be the decrements of 59, H, which, as 
the difference of thoſe lines is conſtant, 
muſt be equal to each other, alſo the 4s 
PA; Pa? are each right angles, and the 
fide P is common to the two triangles 


Pb, Pa. HPS. 


Cor. 1. Hence a tangent P/ to the 
point P biſects the C HP, for as the 
4s 2 SP, P are indefinitely ſmall, 


the Ls SPV, HP are equal to S2P, 
E2 HP 


ig. 25. 


„ 
HP reſpectively, which are «qual by 
the propoſition. þ 


Cor. 2. Hence if Spe be: SAD to 


meet a line CE parallel to the tangent at 


P in E, the part PE is equal to A4 C. For 
draw H parallel to CE, meeting SP 
produced in J. Then becauſe PP 7 is pa- 


rallel to IH, the C SPY = L PIH, and 


LYVPH=SLPHI, but as LSP = 


L HPV, .. C PIH=2 PHI, and con- 


„Fig. 26. 


ſequently PH PI. Alſo, as SC = CH 
and CE is parallel to A1 SE = EI, 
hence TE +EP=SE—+EP, that is, 
IP S SPA 2PE, P S = 215 E, 
but HP IP, .. HP SPS 2 PE; 
but by pr. 1. HP — - PS=2AC, PE 
=AC. 


PROP. V. 


N tꝛvo per pendiculars H Z, SY be hong 
fo the tangent P V, they will meet it in 


the + Wc blem of @ ci ircle 1 diameter 1s 


For produce & Y to meet E P in a, 


22] then as the C TPA PS by pr. 4. 


and Z SYP =aYP, alſo PY common to 


the two As SPY, aPY, - + . ST Ya and 


oP 


A+ 


a4P = SP, lence Ha (= HP — Ps) = 
PH — PS = (by pr. 1.) AM. Now 
as SC = CH and $7'= Ya, CY is pa. 
rallel to Ha, therefore SH: SC:; Ha 
CAM) : CY, but SC :S H, . 
5AM= AC, and hence Y 1s in the pe- 


_ - Fiphery of a circle whoſe center is C and 


radius CA. For the ſame reaſon, if PS 
be produced to meet HZ produced in 6, 
CZ S Sb (as Hb is Parallel to Sa) 
He = Ad as before. | 


The rectangle under the perpendiculars SY, 
HZ, is equal to B Cz. 


Let H interſe& the circle in 5 and 
join Cp, then the £  Z I being a right 
angle, it muſt be in a ſemicircle, as Z and 
Y by the laſt pr. are in the circumference, 
and conſequently CH muſt be a ſtraight 
line; hence in the triangles HCP, SCY, 
HC= SC, Cþ = CY and the 4 HCp = 
„4e E p=8Y, and by the property 
of the circle Hp x HZ or SY x HZ = 
HA x HM = (by pr. 2.) BCi. 


Cor. 1. Since by pr. 4. L SPY = 
HP, the As SP, HP are ſimilar, 
0 5 SP 


— a 


2 ——— ſ ꝑꝗ - — — —Uꝑä E—‚à4ͤäͤ — — — — ns — — — on 7 ae at i ds ——_— 
- C a i ents ae Se neee * * — a r | 
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* ; : | 
a y % . 


[3] 1 
P. 57 1 HP : HZ = 2 1 
S$Y*x HP 


| . 55 nav BO, 


r 
conſequently 8 * 2 = BC? x Hp - 


4 Cor. 2. Hence, as BC is conſtant, S 


varies as => » but HP (by cor. 2. 


pr. I.) 240 =w_ SP, „ SY varies as 
AP”: 


| 1 
VA = - has x varies 5 
2AC+SP | 
=P. 


| 3 4B C SP 
Cor. 3. Since 4812 = 740 | 


and by pr. 3. 4BC* = 2AC x L, we 


ACxLxSP 

| Have 451” SIT N 
AC 

 x8P:487*::Lx8P: c f 


: 2AC + SP: 2AC, conſequently, as 
24 G + SP 1s greater than 24 2 LXSP 
18 3 than 48 2. 


PROP. 


Fw» ] 


PROP. VII. 


Tf PN#* be perpendicular to M A N, then Fig 27. 


bg will ANxNM: NP*:: AC*: BC. 


Take AD — PS, and then SPS CD 
CA. and bypr.1. HP= CD + CA, alſo 
NH=NC+CH=NC+CS, and 
SN=NC— CS; hence by Eucl. 47.1. 


 CD+CA*=PN* + NCS, and 


CPC = PN* + NCS, ſub- 
tract this latter equation from the for- 
mer, and we have CD x CA= CN x 


CN x CS | 


Cs, - CD = AC ; hence PS = 
CN x CS N.. — 
r 


„ by Eucl. 47. 1. (as NS = NC — CS) 
. CNN x C2? —2CNx CS x CA? + . 
Y —_— 
= PN + NC'—2NC x C8 + C 
which is the ſame equation as that for 


the ellipſe in pr. 7. and conſequently 
there reſults from it the ſame concluſion, 


that is, ANX NM: PN*:: AC.: BC. 


Cor? 


L 4⁰ 


- 1 5 8 * =» 


1 
e 3 . Hence PN= = W vV 4 AN IN; 


a conſequently, if upon the ſame axis ma- 
jor, to any other axis minor bg, an hy- 
perbola vA be drawn, and p be the 

point where it interſects the ordinate 


NV. then Np = 50 VANS, 


and hence NP: Np as BC: 50, that i is, 
in a given ratio, and therefore, for the 
ſame reaſon as in the parabola, the area 
APS: area ApS in the ſame given ra- 
tio of BC: 0. 


8 2. If L = the lets rectum, and 
GB be the axis minor, then by pr. 3. 
AM: BG:: BG: L, hence AM: L:: 
AM: BO: AC*: BC AN x NM 
| AM x PN* 2AC x PN* 

PN. L= x N ANN NT. 


. 3. If AC 4, BC==b, CM 


NP =, then we bs EE 
N 2 „ 
* — 4 9 8 * & 1 


Cor. 4. Becauſe SP = CD — CA, and 
HP 


„„ 
HP P= CD + C4, therefore SP +1 HP 


= CD, hence Nx cg (=CAX CD = | 
S HP 
CA * Es P_ 


Cor. 5 5. AS AC and BC are conſtant | 
in the ſame TT AN * N M varies 
as PN*. 


1 R O P. VIIL 


JP be a tangent at P, then will CN: : 
r.. 8 


For as by pr. 4. P biſects 4. S PH. 
AF: SE 3: M 7: 73, and conſequently 
HP + PS: HP PS:: HT TS: 
HT —TS, that is, HP + PS: 240 2 


HS: 270, or AC: TC:: HE 


2 
8. 
cos) * 22. 10xC8 


. CN X cs (by cor. 4 hy 7.) MC x CE 
: CN: AC, hence CN: CA:: CA: CT, 


Cor, Hence if 40 * = a, 202 3. CN 


I = &, 


— Dr Ns. 
333 4 arv . " 8 « i. 
c roi wencks 


—— . — 
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a me 
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9 Fig. 29. 


L 42. ] 5 


& - /h 
hence N 2 1 conſe- 


rently (by cor. 3. pr. 7.) P.N*: TN*:: 


— . — 2 
3 —_— 228 K* .. 


1 X 


er. 
To draw an aſymptote to à hyperbola. 


a* 


By cor. to pr. 8. CT“ = ; make 
* infinite and CT = o, conſequently a 


| rangen to the curve at an infinite diſtance 


es through the center. Alſo by the 


ſame cor. PN.: NT*:: M: * K — af 


:: (when x becomes infinite) EY of wt 
2: a*, hence PN: TN: 3:6 or as T 
now coincides with C, PM: CN :: b: a; 


but as P is now a point in the tangent 


at an infinite diſtance, we have by ſimi- 


lar As, PV: CN:: Aa: AC (ah, therefore 


Aa=b; hence if Aa be erected perpen- 


dicular to AC and equal to &, and Ca Z 


be drawn, it ſhall be the aſymptote. 
1 Hence 


SF. 

Hence, if on the other fide of AC, a 
perpendicular Ab be erected equal to AC, 
and CL be drawn, it ſhall be an aſymp- 
tote to the other part; and conſequent- 
ly if theſe aſymptotes be produced on 
the other ſide of the center, they ſhall be 
aſymptotes to the oppoſite hyperbola. 


Cor. 1. Hence alſo theſe aſymptates 


will be aſymptotes to the conjugate. hy- 


perbolas; for perpendiculars to BG, from 
B and G, equal to CA, will terminate at 
a and , and conſequently by the pr. 
Ca Z, Cb L will be aſymptotes to theſe 
hyperbolas. | | 


Cor. 2. The aſymptotes make equal 
Ls with the axis major. „ 


2 
If PN* be produced to meet the aſymptotes 
in Qand q, then PQXPq=AX,. 


For by ſimilar As CAa, CMN: 
CCN r 


* Fig. zo. 


but CA.: CW. CA:: Aa: PV byc. 3. pr. 7. 


2 CN: CV. CA! :: N: PN; and di- 


videndo, CN*: CA*:: NN: NT = PN. 
CV PN x N2—PN) NS: P gx 


: 


® Fig. 31. 


— 
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P 9, from which, and the firſt pages 
tion, we have Pg * PN Ad. 


--Cor. I. For the ſame reaſon 42x * 
= Ab, or Aa, and en P N EY 


FP * 
Cor. 2. Hence if WP be Aan 


parallel to Q g,. WW xXYw=z=Aa, there- 
| fore VI x N = P2.X * | 


PROP. XI. 


oY a line XVpx# be drawn in any pol 
tion, cutting the two aſymptotes in X, x, 


and the curve in V, Po 7 then will VXN Vx 
=PX X px. | 


For through Y and P draw two lines 
WV vw, Vg, perpendicular to the axis, 
and. through P draw RPr parallel to 
Xx; then on account of the parallel 
lines Vu, 2q and Ax, Rr, the As QPR, 
Per, XV W,/F xw are ſimilar, 

- REP: PR:PS. 
and Vx :Fw:: Pr: Pq, hence 
VX*xYx:VW *XVw::PRX Pr: PX Pg, 
but by cor.2.pr.10. Vx V] ‚ = PQ x Pg, 


" © Xx Ne PRx Pr. * 
the 


L 45 1 


the line R Pr to move parallel to itſelf, 
until it becomes a tangent LEM at the 
pou. E, then PR becomes EL and Pr 

comes EM,; hence Xx Vx = EL « 
EM. For the ſame reaſon & x px = 
EMX EL, VIX XV PAN px. 


Cor. 1. Hence VX px. For vx x 
Vx = pX X px, that is, VX X Vp + px 
=pxXpY +FX, take therefore from 
both ſides & x px, and we have XX 
Ip p x p, that is, LAX = px. 


Cor. 2, Hence if we ſuppoſe Xx tp 
move parallel to itſelf and coincide with 


LM, we mall have LE = EM. 


Cor. % Let X x hk CE nk in 
O, then becauſe of the parallel lines LM. 
Xx, as LE= EM, we have XO x O, 
but by cor. 1. X px, JO po, con- 
ſequently the diameter CEZ biſects all its 
ordinates. 


Cor. 4. Hence VX x V = E L' 
Cor. 5. As VX=px, . Xp=Px, 
conſequently * VX APH EL = EL xX 
2 


PROP. 
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PROP. XII. 


IN BC b ze drawn parallel to LM, NI 
from E, EB, E b be drawn parallel to CM, 
CL reſpedtiveh, then will * b C=LE 
or ME. | 


For as c is , parall BE, and CB to 
EM, CBE Mis a , .. CB EM; for 
the ſame reaſon Ch = 2E but LE = 
EM. CB = A. 


Dow: 1. As by cor. 4. pr. 11. VAX V 
= EL,  VXXVx BC. 


Cor. 2. As Co is parallel to BE . 
BCE Cb. .. Ea=ab. 


Def. 10. Bb is called a conjugate dia- 
meter to the diameter CEZ. 


PROP. XII. 


FCE be produced to meet the oppoſite 
hyperbola in D, then will DO Xx EO: wy 


* E: CB. 


For by ſimilar As CEL, COX, CE: 
EL 


L 7 1 
E L:: CO: Ox BY 5 which i is = 


Ox; as OX= = Ox; hence VX=OX — OV 


 ELXCO = ELXCO—CEXOV 
e E 8 
EL co 


"BL xCO+CEx OV | 2 
 _ CE y cor. I. 


| EL*x CO — CE* x OP” wt” 
Pr. 12. 8 'CE* — CB*, 
„ CE* x CB* = (as EL = CB) CB* x CO* 
— CE* x OV, conſequently CE* x OV* = 
CB*x CO* —CE* = CB* * CO + CE « 


 CO<ZTE=CB'x CO+CD (DO) x 
EO; hence DO x EO: ___ 22 CE. 


P R O P. XIV. 


bv, SE®, ze drawn parallel tn the *Fig. 35 


aſymptote LC, and ET parallel to C £, then 
DV x DC = SE x TE. | 


For draw VR parallel to ZC, then the 
As XD, LES, VX R, EMT, being 


Dy 


ſimilar, we have 


3. 
- DV: SE:: XV: LE 
„ of '$- ET:: Vx: EM. 

„ DVxVR:SExET: MV Vr: LEx EM. 
but by cor. 5. pr. 11. XV xVx= LE x 
EM, .., DV xVR=SExXET, that is, 
as FR = DC, DV. DC SE x ET. 


Cor. 1. Becauſe LE=EM by cor. 2. 
pr. 11. and SE is parallel to CL, there- 
fore LS = SC, or SC= :CL, 


= Cor. 2. Hence DV x DC; is a conſtant 
= quantity, and therefore DV is inverſely 
as DC. 


Cor. 3. If the point E coincides with 
* N then the ACT = 4 ACS by cor. 
2. pr. 9. but as ATCS is cg, the 4. ACT 
= Cs, > 4 CAS = LACS, conſe- 
SH __ quently AS SC = AT. 


Cor. 4. Hence CD x DV= SA. 
Cor. 5. As As BCS, CGT are ſimilar, 


and BC= CG, . GTS CSS TA. And 
for the ſame reaſon BS = SA. 


PROP. 
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PROP: . 


Tf LM N be drain parallel 70 C D, then 


10100 LM = MN. 


For by cor. 4. pr. 14. LM x MC = 
TA*, and NMX NHC = TO, but TA = 
70 by cor. 5. br. 12. . LM= MN. 


Cor. Hence by pr. 12. cor. 2. NCai is 
a conjugate diameter to LC, and con- 


ſequently parallel to a tangent at Lʒ and 


for the ſame reaſon LC is a conjugate 
diameter to NCa, and therefore parallel 
to a 4: at N. 


PRO P. Xvi. 


All the parallelograms circumſcri bi ue any 


tuo diameters of an hyperbola, are equal. 


Let abcd* be a rm circumſcribing the » pig, 34; 


two diameters DK, PG, join PD, and 


draw DN perpendicular to the aſymptote = 


CZ. Now by pr. 15. and its cor. the 
aſymptote CZ biſects DP, which is the 


diagonal of the a CDA P, conſequently 


the angle a muſt be ſituated in that 
G * 


— 2 — — 


wow 


m - . ah 
JAR moet ⅛: YT — — 
Fahnen ieee rene 
= _ = = — my T 


— 


* m — PO _———  — 1 — ar 
rr —— 
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1 9 
aſymptote. Alſo by pr. 15. DMP (n 
being the point where D interſects 
CZ) is parallel to the aſymptote CL and 
conſequently given in poſition, or the 
2 Dmn 1s conſtant, and therefore Dm 
is to Du in a given ratio; but by pr. 12. 
cor. 2. Dm is inverſely as Cn, 1 
Dn is inverſely as Cn, and by cor. 1. pr. 
14. Cm = Ca, therefore Ds is inverſely 
as Ca, and conſequently DM Xx Ca is 
& conſtant; but Dx x Ca is equal to the 
area of the 3 Da PC, therefore the ea 
DaPC is a conſtant quantity, but a 
Da Pois a fourth part of the ta abed, 
therefore the Aa abc dis a conſtant quan- 
tity. 


Cor. 1. Hence if PF be drawn per- 
pendicular to CD, then CD Xx PF (= 
DAccPaD= PR CAB YO ACN BC, a 
conſtant quantity. e 


Fig. 25. Cor. 2. Becauſe the As SPY'*®, HP, 
FPE are ſimilar, we have 
P iST EB: TF 
ä B39 Fo, 
5 SPRAP:SIx HZ: PE"; , 
but by pr. 6. SY X HZ = BC", and by 
cor. 2. pr. 4. PE. AC, therefore SP 
3 - „ 


ä 
"BOX ACE... 
* HP = ow a 23 the laſt W 


o. 


. XVII 


0 4 the diameter and chard; of 
curvature paſſing through the focus and 
NN er. 


Let PaLY* be a circle of curvature "Fig 3 


to the point P, Q an ordinate to the 
diameter PG, and AR parallel to Pv, 
then by pr. 13. Pv OR) x: A:: 
„„ een 
PE*: DNR C P* 9 i 


moves up to P, in the evaneſcent ſtate 


SD. 250 20 D* 
of the arc 2P, CP = 5 a 


But as Qv coincides in its evaneſcent 
ſtate with the arc , and conſequently 
with the circle of curvature, therefore by 


lem. 2. TH ultimately becomes equal to 
the chord of eurvature PY, „ PF = 


2 = the chord a curvature paſling 


G3. through 


1 


through the center. Alſo if LPF be 
perpendicular to PR or CD, it muſt paſs 
through the center of the circle, and 


hence by ſimilar As PVL, PCF, PF: 
2CD* 20D. 5 
PC:: pp ( EPC. 55) PLS PF = the 


diameter of curvature. Laſtly, if PS 
(produced if neceſſary) interſects the cir- 
cle in a, and La be joined, by ſimilar As 
PEF, PLa, PE = 3 by cor. 2. pr. 


4): PF: PL (PF : Pa - 22D. 
= the chord of 3 paſſing through 


the focys. 


PRO P. XVIII. 


© ®Fig.36. Tf a cone REW* be cut through the fide 
R. by a plane AFG, which being pro- 
duced will meet the other fide of the cone 

MR produced in any forme M, the feetion 


i wr Hl be an * 


* 2 Y be a ſection of "et cone 
parallel to the baſe LV, which being a 
circle X NX NT NP; draw R pa 
rallel to the diameter Y X then will 150 
As 8 NMY, and ARR, AXN be 

ſimi- 


4 
41... 


1 3 1 
a hence 
; AB N: 4 N: N „ 
M: N:: MN: NT., . 

: AA MN: N. ANN. NX. Vr. orNNP?, 
but the two firſt terms are conſtant quan- 
tities, therefore AN x NM is to PN* in 
a conſtant ratio, and conſequently by 


cor. 5. Pr. 7. the ſection is an hyperbola, 
whoſe major axis is AM, 


Hlence the e 18 called a canie 
ſection. 


PROBLEM. 
Given the diſtance of any point of a co- 
nic ſection from the focus, the latus rectum, 


and the poſition of the tangent, to determine 
the conic ſection. 


The diſtance SP * aid the poſition of Fig 1. 12. 
the tangent being given, the perpendi- 456. 
cular SY will be given; now by cor. 1. 
pr. 6. of the ellipſe and hyperbola, 


| 2 alſo 2 40 = HP = 


SP, according as the curve is an ellipſe 
or hyperbola; therefore the latus rectum 


"= 


EN 


7 SXE n 
ee PNP SP OO 
5 LX £P* 


ſequently HP Ne a 
in the ellipſe by cor. 3. pr. 6. L Xx SP is 
 ®*Fig.12. Jeſs than 4S7*; when therefore L x SP 
is leſs than 4SY”, draw PH“ on the 
ſame fide of the tangent with SP, mak 
ing an angle HPZ = LSP, and take 


APF = 3p „ and H will the 
other focus; alſo SP + PH = the ma- 

jor axis; and as H 1s known, HZ will 
be given, conſequently S TX H or BC. 
will be known, and therefore the conic 
ſection is determined. In the hyper- 
bola by cor. 3. pr. 6. LX SP is greater 

| than 48 1; when therefore LX SP is 
* Fig. 26. greater than 4SY*, draw PH“ on the 
other fide of the tangent in reſpect to 
SP, making an angle HPY = 2 SPY, 

8 | — L, x SP* 8 

: and take HP = 4ST — TeX P ar 


. . 
other focus; alſo HP — 5 P = the 
major axis, and as HP is known, HZ 

| will 


CTT 
will be given, conſequently SY x HZ 
or BG will be known, and therefore the 
conic ſection is determined. In the pa- 
rabola by cor. 3. pr. 7. L x SP = 4ST, 
and hence the "a conſtruction. | 

Make the angle TPM* = TPS, and * Fig. x. 
take PM = PS, draw DME perpendi- | 
| cular to PM, through S draw Z S L pa- 
rallel to PM, and biſect SL in A, which 
will be the vertex of the parabola, from 
which the parabola itſelf is determined. 


SN os 
= © 
<> 


Page 7. line 8. for let on, read drawn to. 
17. I. 18. fer the, read any. 
20. I. 17. after equation, read from the 
23. I. 8. for of the, read to the. 
_ 24+ I. penult. for a, read As. 
26. 1. 17. for be, read to be. 
31. J. 7. for HM FG, read H NFG. 
85 & 


if . 40. 1. penult. for = read . ; 
1 5 42. I. 6. for a, read an. | 
/ 46. I. 6. for parallel, read parallel to, 
_ | 48. I. 19. fer As, read As the. 
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